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Introduction
This paper assesses the contribution of monetary policy to the dynamics of bond real returns. We assume that the monetary authority controls the short-term nominal interest rate. We then model exogenously the joint dynamics of the aggregate endowment and the monetary policy variable, and determine bond real returns endogenously.
We adopt a heterogenous agents variant of the limited participation framework, the segmented markets model, previously studied by Alvarez and Atkeson (1996) , Alvarez, Lucas and Weber (2001) , Lahiri, Singh and Vegh (2003) , and Occhino (2004) . The central feature is that a set of households are permanently excluded from financial markets.
When markets are segmented, monetary policy has a direct effect. Changes in the stance of monetary policy affect the distribution of cash balances and consumption expenditures across households. An increase in interest rates induces traders to hold more bonds, to lower their holdings of cash balances, and to reduce their purchases of consumption goods. The traders' marginal utility of consumption rises, lowering the stochastic discount factor, and increasing expected bond real returns. The smaller the economic weight of traders in the economy, the larger is this liquidity effect of monetary policy on bond real returns. With full participation, however, real returns are determined exclusively by the aggregate endowment, so monetary policy can affect them only indirectly.
We then take the full and segmented markets models to the data. Three empirical dimensions are explored: the response of bond returns to nominal interest rate shocks; the autocorrelation of bond returns; and the term structure of volatility. The evidence strongly favors the segmented markets model in each case. The full participation model has incorrect predictions about the impact effect of monetary policy, with real returns rising after an increase in interest rates. Real returns fall in the segmented markets model and closely track the impulse responses in the data thereafter. The segmented markets model also matches the declining positive autocorrelations and increasing volatilities of bond returns as time to maturity increases. The full participation model has negative autocorrelations and can only match the higher volatilities of longer term bond returns by overstating short-term bond volatility.
The paper is organized as follows: section 2 describes the economy and defines the equilibrium; section 3 explains the numerical solution method; section 4 presents and comments on the empirical 2 results; section 5 concludes.
Model
The model is a cash-in-advance endowment economy, with a large number of households and a monetary authority. Time is discrete and is indexed by t ≥ 0. There is a single non-durable consumption good, money, and one-period nominal bonds, which are claims to one unit of money payable at the end of the period. Households are of two types, traders and non-traders. Let ω > 0
and ω * ≥ 0 be respectively the number of traders and non-traders. We will refer to the case where ω * = 0 and ω * > 0 respectively as the full participation model and the segmented markets model. Households of the same type are identical in all respects. The crucial difference between the two types of households is that non-traders spend all their money purchasing consumption goods, while traders can purchase bonds as well.
Households start each period with cash balances from the previous period. Then, two markets meet in sequence, a bond market and a goods market.
In the bond market, the monetary authority sells one-period nominal bonds to the traders, at the bond price q t > 0. The monetary authority announces the bond price, and stands ready to issue and sell any number of bonds to clear the market at that price. Open market operations are then conducted in terms of the short-term nominal interest rate i t defined by
while the bond supply and the money supply are determined endogenously. We assume that the interest rate is strictly positive, and the bond price is strictly less than one.
After the bond market, all households participate in the goods market. Each trader and each non-trader respectively receive constant fractions Λ > 0 and Λ * > 0 of the exogenous stochastic aggregate endowment Y t > 0, with ωΛ + ω * Λ * = 1. The endowment cannot be consumed directly, and must be sold in exchange of money at the price P t > 0. Households can only consume goods purchased with money held before the goods market session. The money supply M t is defined as the amount of dollars P t Y t spent in the goods market. Bonds are redeemed after the goods market closes.
The aggregate endowment Y t and the nominal interest rate i t are the only sources of uncertainty in the economy, and their joint dynamics is exogenously modeled as follows. Let {Y t , i t } ∞ t=0 be the non-stochastic steady state values of the aggregate endowment and the interest rate, and let us assume that Y t+1 /Y t = α and i t = i are constant over time. We assume thatẑ t ≡
where B n and C are 2 × 2 matrices, C is upper triangular, η t is a 1 × 2 vector of independently and identically distributed standard Gaussian shocks.
Each trader chooses consumption C t , bonds B t , and next-period cash balances A t+1 to solve
subject to
given the traders' initial cash balances A 0 > 0 in period zero. E 0 is the expectation conditional on information available afterẑ 0 has been revealed. The period utility function u(C)
is constant relative risk aversion, and the preferences discount factor satisfies βα 1−σ ∈ (0, 1).
Since the bond price q t is strictly less than one for all t, holding idle cash balances is never optimal for traders, so the traders' cash-in-advance constraint always holds with equality. Then, the two constraints (4) in the problem (3) can be substituted with
Non-traders spend all their initial cash balances purchasing consumption goods. Under this assumption, the behavior of a non-trader is simply described by,
given the non-traders' initial cash balances A * 0 > 0 in period zero. The economy is described by the traders' initial assets A 0 , the non-traders initial assets A * 0 , the initial exogenous state [ẑ 0 , . . . ,ẑ −N+1 ], and the law of motion (2) for the exogenous stateẑ t .
Histories are made of the sequences of all possible realizations of the shocks η t . An equilibrium is a set of contingent sequences {C t > 0, B t , A t+1 > 0} ∞ t=0 of consumption demand, bond demand and cash balances for traders, {C * t > 0, A * t+1 > 0} ∞ t=0 of consumption demand and cash balances for non-traders, a contingent sequence {D t } ∞ t=0 of bonds supplied by the monetary authority, and a contingent sequence {P t > 0} ∞ t=0 of prices such that the traders' contingent sequence solves the traders' optimization problem (3), the non-traders' contingent sequence satisfies the non-traders' equations (6), and the bond and goods market equilibrium conditions
The necessary first-order conditions for the traders' optimization problem are
and the transversality condition is
where ν 1 t and ν 2 t are the Lagrange multipliers associated with the two constraints (5). From the first-order conditions, it follows that
The system describing the equilibrium is, then, made of the identity (1), the law of motion (2) for the exogenous state, the traders' first-order conditions (10), the traders' constraints (5), the non-traders' constraints (6), and the equilibrium conditions (7).
In this paper, we focus on the predictions of the model about bond real returns. All throughout, bond real returns are real holding period returns of discount real bonds, which are assets with a fixed real payoff at some fixed maturity date. To compute the price of any financial asset, we assume that only traders can participate in the bond market. From standard arguments, it follows that the equilibrium price Q t of a one-period financial asset with nominal payoff Π t+1 and the equilibrium real price Q * t of a one-period financial asset with real payoff Π * t+1 are given by
Multi-period financial assets are priced in the same way, recursively.
Solution
For convenience, variables are normalized as follows. As in Lucas (1990) , nominal variables are normalized by aggregate cash balances available at the beginning of the period. Let A t ≡ ωA t + ω * A * t be the initial aggregate cash balances. Then,
Also, let us define λ ≡ ωΛ = 1−ω * Λ * the traders' share of the aggregate endowment.
Then, λ = 1 in the full participation model, and λ ∈ (0, 1) in the segmented markets model.
The system describing the equilibrium can then be written as
together with the law of motion (2) for the exogenous state. The transversality condition (9) can be written as
and the asset pricing equations (11) as
It is convenient to derive an equivalent system as follows. From the households' budget constraints (12e) and (12g), it follows that
Then, using the households' cash-in-advance constraints (12d) and (12f), the bond price (12a), and 6 the goods market equilibrium condition (12j),
which we use in place of the traders' budget constraint (12e) in the previous system (12).
In the non-stochastic steady state, all normalized variables are constant over time, and y t = 1.
Since βα 1−σ ∈ (0, 1), the transversality condition (13) is satisfied in the non-stochastic steady state. After log-linearizing 1 the system around the non-stochastic steady state, we obtain
where the variables without the time subscript are the non-stochastic steady state values, while the variables with the hat are the percentage deviations from the steady state values.
The system (15) together with the law of motion (2) for the exogenous state can be reduced to a four equation system in the two exogenous variablesŷ t andî t , the endogenous state variableâ * t , and the control variableν t . With standard methods, we derive the linear system describing the equilibrium evolution of the three state variablesŷ t ,î t , andâ * t , and linking all the other variables to the three state variables 2 . Then, we derive the percentage deviationQ t of the price of a oneperiod financial asset as a function of the percentage deviationΠ t+1 of its nominal payoff and the percentage deviationQ * t of the real price of a one-period financial asset as a function of the percentage deviationΠ * t+1 of its real payoff from
Multi-period financial assets are priced recursively.
To gain further insight, after using −σĉ t =ν t +p t from the previous system (15), the last equation can be written asQ *
which is a familiar asset pricing equation relating the real price of a one-period financial asset to its real payoff and to the intertemporal marginal rate of substitution of the subset of households which participate in financial markets. In the specific case of a one-period real bond, the real payoff is constant, soΠ * t+1 = 0, and the percentage deviation of its real priceQ * t is equal to minus the expectation of the relative risk aversion σ times the percentage deviation of the traders' consumption growth rate. Equivalently,r
the deviationr t of the real interest rate from its steady state value is equal to the relative risk aversion σ times the expected percentage deviation of the consumption growth rate of the subset of households which participate in financial markets.
Results

Calibration
The key parameters in the model are the traders' share of the aggregate endowment λ and the relative risk aversion σ. λ is a measure of the traders' economic weight. For instance, in the case that all households receive the same endowment, λ is the percentage of traders, that is the 2 The solution method is based on the eigenvalue decomposition of the matrix describing the evolution of the state and control variables. Very small imaginary parts of the solution are dropped. As a check, the model has been solved using MATLAB files written by Chris Sims and Paul Klein available at http://www.ssc.uwo.ca/ economics/faculty/klein/. Their solution method is based on the Schur decomposition of the matrix describing the evolution of the state and control variables. The two methods yield identical solutions.
ratio ω/(ω + ω * ) of the number of traders to the total number of households. When λ is equal to 1, the economy is the benchmark full participation, representative agent, endowment economy with cash-in-advance constraints. The lower λ, the greater is the degree of market segmentation.
Below, we show results for values of λ in the range between 0.01 and 1, and for values of σ in the range between 0.5 and 3. We consider λ = 0.1 and σ = 2 as benchmark values 3 for the segmented markets model.
To calibrate the other parameters, we use monthly data for the period 1970:01-1999:12 from CRSP and from the FRED II Database of the Federal Reserve Bank of St. Louis.
Each period is one month. The aggregate endowment growth rate α − 1 in the non-stochastic steady state is set equal to 0.0025, to match the 3.02% average yearly growth rate of real personal consumption expenditure (nondurable goods and services). The inverse of the gross real interest rate βu 0 (α) in the non-stochastic steady state is set equal to 0.9939 to match the 7.34% average yearly real rate of return on the value-weighted total stock market index. The value of the preferences discount factor β, then, varies with the relative risk aversion σ.
To obtain the law of motion (2) for the exogenous stateẑ t , we run a VAR with N lags of the linearly-detrended logarithm of real personal consumption expenditure and the logarithm of the effective federal funds rate. We set N = 12 on the basis of the AIC, but we found the results were not very sensitive to this choice.
We now compare the predictions of the full participation model (λ = 1) and the segmented markets model (λ ∈ (0, 1)) on bond real returns dynamics with data. Bond real returns are real holding period returns of Treasury bonds with constant maturities. For ease of interpretation, we express rates in annual percentage points, and we multiply logarithms by 100.
Impulse response analysis
We begin with an impulse response analysis emphasizing the liquidity effect of monetary policy on bond real returns. We make the standard structural assumption that a monetary policy shock does not effect the aggregate endowment contemporaneously. We then estimate a tri-variate VAR system consisting of the detrended log consumption, the log federal funds rate, and the bond real return. We decompose the covariance matrix of the innovations using the Cholesky factorization, and we identify a contractionary monetary policy shock as a positive shock to the federal funds rate equation. Figure 1 shows the impulse responses over a 24-month period to a 100 basis point increase in the federal funds rate.
[Insert Figure 1 Here]
The figure shows that, in the impact period of a contractionary monetary policy shock, bond returns decrease for maturities of 3 months and higher. The 3-month bond return falls by −0.33%, The decline of expected bond returns is due to a negative deviation of the aggregate consumption growth rate from its steady state value 4 . In the full participation model, the stochastic discount factor is a function of the aggregate consumption growth rate. The deviation of the real interest rate in (18), as well as the deviations of expected real returns, remain negative for most of the periods following a contractionary monetary policy shock.
The segmented markets model, however, correctly predicts the sign of the bond returns, although it tends to overstate the impact effect of the shock. The 3-month bond return falls by −1.08% in the impact period, the 1-year and 2-year bond returns fall by −3.91% and −5.18%.
After the first period, bond returns become quickly positive, and match closely their empirical counterparts.
With segmented markets, the stochastic discount factor is determined by the intertemporal marginal rate of substitution of households which participate in financial markets. As pointed out by Grossman and Weiss (1983) , Lucas (1990) , Alvarez and Atkeson (1996) and Occhino (2004) in different limited participation models, a contractionary monetary policy shock decreases the participants' cash balances and consumption expenditures, increases their expected consumption growth rate, and as in (18), increases the real interest rate and expected real returns. The segmented markets model then matches the positive returns in the data that follow the impact period of a contractionary monetary policy shock.
To make a formal comparison between the full participation and the segmented markets models, we follow the design suggested by Canova (2001) . We compute [16%, 84%] confidence bands for the empirical impulse responses using the Sims and Zha (1999) procedure. We then count the number of periods when the model impulse response is consistent with its' empirical counterpart.
The best fit for the segmented markets model is the 2-year bond return, for which the model response falls into the 68% confidence bands 15 periods out of 24. At that horizon, the full participation model response falls within the bands only 8 times. The comparison favors the segmented markets model for all four maturities. For the 1-month bond return, the count is 10 for segmented markets, and only 3 for full participation. At 3-months, the counts are 6 versus 1, and at 1-year, the counts are 9 versus 2. Summing over these four securities, the impulse responses fall within the bands 41.7% of the times for the segmented markets model and only 16.7% of the times for the full participation model. The Diebold-Mariano (1995) statistic for the number of impulse responses falling within the bands is 4.38 which clearly favors the segmented markets model.
Bond return autocorrelations
We now consider the autocorrelation structure of short-term bond real returns. Tables 1.1 and 1.2 display the first-order autocorrelation coefficients of the aggregate endowment, the nominal interest rate, and bond real returns with maturities 1 to 24 months in the model and in the data,
for several values of the traders' share λ of the aggregate endowment and relative risk aversion σ.
[Insert Table 1 The full participation model is far from replicating these moments. There is a short-run positive autocorrelation of 0.03 at the 1-month horizon, but it is much smaller than in the data.
The autocorrelations then turn negative until the 11-month returns. Here again, the bond return autocorrelations are simply inheriting through the stochastic discount factor the behavior of the aggregate consumption growth rate.
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The segmented markets model, however, correctly predicts the sign of the autocorrelations, and their decline with maturity, although the predicted decline is faster than in the data. For our benchmark case of σ = 2 and λ = 0.1, the 1-month autocorrelation is 0.64 compared with 0.48, while the 1-year autocorrelation is 0.10 compared with 0.31. Except for the 1-month maturity, the model autocorrelations are lower than in the data. Nonetheless, the Diebold-Mariano statistic, comparing the root mean squared errors of the full participation and the segmented markets models, is 6.64, strongly favoring the assumption of market segmentation.
Bond market volatility
We The predicted bond return volatility in the segmented markets case derives from two sources.
The first is the aggregate endowment volatility, which is common to full participation models. 12 The second is the volatility of the monetary policy variable, namely the nominal interest rate. The higher the relative risk aversion, the more effective the first source. The higher market segmentation (the lower λ), the more effective the second source. Both increasing the risk aversion and increasing market segmentation increase bond returns volatility.
The model cannot replicate bond returns volatilities further along the yield curve. To fully explain the volatility of assets with longer maturities, we would need to introduce more persistent shocks. Bansal and Yaron (2003) , for instance, introduce an additional stochastic component of the aggregate endowment growth rate with small volatility and large persistence.
Conclusion
In a segmented markets model, we have been able to account for the contribution of monetary policy to bond real returns. Data on Treasury bond returns strongly favor the segmented markets model over the full participation model. For maturities up to 2 years, the segmented markets model is able to replicate the sign and the size of the impulse response of bond returns to monetary policy shocks, it correctly predicts the sign of their autocorrelation, and it closely matches their volatility along the yield curve.
In future work, we plan to study the effect of endogenizing production. With real sector shocks, we hope to explain the impact of segmented markets on long term bonds and equities.
13 Table 1 . Standard deviations of the aggregate endowment, the nominal interest rate and bond real returns in the model and in the data. λ is the traders' share of the aggregate endowment, σ is the relative risk aversion. D-M is the Diebold-Mariano statistic comparing the full participation and the segmented markets models in the benchmark case σ = 2 and λ = 0.1. The statistic has an asymptotic normal distribution. 
